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Abstract. In recent attempts to construct a statistical theory of nuclear reactions by doing
statistics directly on the S-matrix elements, Dyson’s measure, which remains invariant
under an automorphism that maps the space of unitary and symmetric matrices into itself,
is of fundamental importance. In the present paper, we study some of the marginal
distributions of the individual §-matrix elements, or of groups of them, that arise from
Dyson’s measure. To understand the problem better, a similar discussion is first carried
out for Haar’s measure of unitary matrices which do not have the restriction of symmetry,
and some of the effects of this restriction are thus exhibited. Some applications of these
mathematical results to reaction theory are discussed.

1. Introduction

In the traditional statistical theory of nuclear reactions (Kawai et al 1973, Moldauer
1975, 1978, Hofmann et al 1975, Agassi et al 1975) one constructs ensembles of
scattering matrices S in terms of more ‘microscopic’ quantities, like the matrix elements
of the Hamiltonian, the poles and residues of a K -matrix, etc. Recently, there have
been attempts to do statistics directly on the S-matrix elements, by proposing a
measure in the space of scattering matrices (Mello 1979, Mello and Seligman 1980,
De los Reyes et a/ 1980, Hofmann e al 1981). The S-matrix is unitary because of
flux conservation and, if the problem is time-reversal invariant, S is also symmetric.
The first step is to define a measure that gives equal a priori probability to all unitary
and symmetric matrices of a given order n. This intuitive notion can be defined
precisely by asking for a measure du (S) that remains invariant under the automorphism

$+>$=U°U", (1.1)

that maps the space of unitary and symmetric matrices into itself. Here U°is an
arbitrary unitary matrix and T denotes transposition. Dyson (1962) has shown that
the condition

du (S)=du(U°SU"T) (1.2)

§ Address: Instituto de Fisica, UNAM, Apartado postal 20-364, Delegacién Alvaro Obregén, 01000
México, DF, Mexico.

0305-4470/83/020237 +18%02.25 (© 1983 The Institute of Physics 237



238 P Pereyra and P A Mello

defines the measure uniquely (up to a constant factor); du (S) will be referred to as
Dyson’s measure.

To make an analogy with the field of statistical mechanics, Dyson’s measure is the
equivalent of the volume element in phase space, which assigns equal a priori prob-
abilities in that space and remains invariant under canonical transformations. In both
fields, ensembles that contain more information than the invariant one are then
constructed by multiplying the latter by appropriate functions of S, or of the coordinates
and momenta, respectively.

Since Dyson’s measure can be considered as the building block for the construction
of more complicated ensembles, it is clearly important to study the distribution of
individual S-matrix elements or groups of them that arise from such a measure. That
study is the main purpose of the present paper. The results that we have been able
to obtain are presented in § 3.1: specifically, we succeeded in calculating the joint
distribution of any number of S-matrix elements in one row, and that of the four
matrix elements contained in a 2 X 2 block along the diagonal, like (Z;: i;; .

The condition of symmetry on the S-matrix complicates the various calculations
considerably. One can learn a great deal by studying a simplified problem first: that
of an ensemble of unitary matrices U, without the restriction of symmetry, governed
by the invariant measure of the unitary group, i.e. Haar's measure dh(U), which
remains invariant under the operation

U-U=U0U or U=UU° (1.3a, b)
i.e.
dh(U)=dh(U°U)=dh(UUY). (1.4)

Although many properties of Haar’s measure for the unitary group are well known,
we first present in § 2.1 a brief analysis of some of the marginal distributions arising
from dh(U), since some of the results will be needed in the study of the S-matrix
carried out in the following section; some other results will be used for comparison
with the corresponding ones for the §-matrix, in order to understand better the effect
of the symmetry requirement.

In §8 2.2 and 3.2 we discuss some applications to reaction theory of the mathemati-
cal results contained in §§ 2.1 and 3.1. The applications presented in § 3.2 are relevant
to nuclear physics, whereas those of § 2.2 are not, because of the lack of symmetry,
and are presented here as a useful exercise (they could be relevant to a system subject
to a very strong magnetic field). The reader interested only in the mathematical
aspects of the problem can skip §§ 2.2 and 3.2, since §§ 2.1 and 3.1 are self-contained.

2. The problem of unitary matrices U

2.1. The joint marginal probability density for the U matrix elements

As was outlined in the Introduction, we study in this section an ensemble of unitary
matrices U of order 7, not restricted by the condition of symmetry, and governed by
Haar’s measure dh(U) of (1.4).
We write
Uab =Xgp + i)}ab- (21)

Consider a set of k matrix elements Uqp,, . .., Uay, and call dpo(Uaysy, - - - Uss,)



Marginal distribution of S-matrix elements 239

the probability assigned by Haar’'s measure to the volume element
dxa,s, dvays, - - - dxas, dyas,. We define the joint marginal probability density

Po(Uays,s « - - s Uaes,) associated with these variables by the relation

de(Ualbp veey Uakbk) =p0(Ua1b1! cees Uakbk) dxa1b1 dYa1b1 e dxakbk d)’akbk- (2'2)
Specifically, we shall analyse in what follows the joint probability density for the

elements of one and two rows. The joint probability density po(U1y, . .., Uin) of the

elements of, say, the first row contains the delta function § (1~ 7., |U1,/?). Moreover,
Po must remain invariant under any transformation of the type (1.354), since any such
transformation only mixes the elements of one row among themselves, but not with
other rows. We should thus multiply the &-function by an arbitrary function of
Ui, ..., , Ui, thatremainsinvariant under (1.34). Since the only invariantis the norm
sha U M{z, the arbitrary function reduces to a constant, due to the §-function. We
thus have

poUs, ., Ui s(1- 3 |Usf) 2.3)
By integrating equation (2.3) over the variables U; 441, ..., Ui, we find, for the

joint probability density of the elements Uy, ..., Uiy, the expression

k n—k-1
Po(Uu,---,Ulk)OC<1— ) |U1a|2> ; n>k. (2.4)
a=1

Notice that (2.4) remains invariant under the operation (1.354), with U 0 consisting of
two blocks, of dimensionalities k and n —k, in order not to mix Uy, ..., Uix with
Uik+1y ..., Ui Consider now the joint probability density of, say, the first and

second rows, associated with Haar’s measure. It can be written as
Uy ... Ui n " n
po( n 1)oca(l— ) $U1a(2>6(1— ¥ $U2¢|2)5(2 Ulaufa), 2.5)
LBI---Lhn a=1 a=1 a=1

because of the normalisation of the two rows and their orthogonality. If we want to
keep only the first k elements of each row, we have to integrate over the 2(n —k)
remaining ones. Defining the complex vectors

rn=Un,...,Uw), r;=Ua, ..., Ux), (2.6)
their joint probability density is found in appendix 1 to be ( is the usual step function)
pori, P [L=ry r¥ —ry rf +(ry 1) r3) =l - P3P 201 = D0 (1= 1))

(2.7)

Consider again the particular case of the transformation (1.354), with U° consisting
of two blocks, of dimensionalities k and n —k; such a transformation conserves the
norms of r; and r; and their scalar product, so that (2.7) remains invariant.

For the particular case k = 2, which will be needed later on, equation (2.7) gives

(Uu U
0

)C’C(l —|\UnP = U2 = |Uasf = U + U1 Uz - U Uy )
Uy U
X 3(1=|Unl = |U[9(1 = |Un* = |U2al). (2.8)

Notice the appearance of the absolute value of the determinant U, Uz — Ui, Uy,
which also remains invariant under the transformation considered above.
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2.2. Applications

We first analyse the large-n limit of the above results, since this limit is important for
many applications. Consider the probability of U;;, given by equation (2.4) with
k =1. If we expand its logarithm, we obtain

PO(U11)°C(1—|U11|2)"_2 == exp(—nlUulz):CXP(_nx%l)exP(‘")’%l), (2.9)
n»1

confirming a conjecture made by Gaudin and Mello (1981). The order of magnitude
of x3; and yfl is n~'. The next term in the expansion of In po(Us1), nxty, is O(n™)
and is thus neglected. We thus see that for n » 1, x;; and y;, are distributed according
to independent zero-centred Gaussians, with equal variances given by (2n)™".

The elastic fluctuation cross section of; is defined as (U1, — (Us1)ol*) (see Kawai
et al 1973), so that

0"111=varxu+varyn=1/n, n>»1, (2.10)

which coincides with the result found by Gaudin and Mello (1981).
Similarly, the large-n limit of po(U11, Us2), obtained from (2.4) with k =2, is

po(Uiy, Uu)OCexp(—n\U11|2) CXP(—H|U12‘2), n>»1, (2.11)

that corresponds to two independent zero-centred Gaussians, with the same variance
1/n. Equation (2.9) follows from (2.11) by integration. With the same procedure,
the n » 1 limit of (2.8) corresponds to four independent zero-centred Gaussians with
variance 1/n.

We now apply the results of § 2.1 to the ensemble of U matrices defined by Gaudin
and Mello (1981), which is of maximum entropy, subject to the constraint (UU) = fixed,
the basic measure being given by dh(U). The differential probability associated with
that ensemble is given by

dp(U)=exp(—Re Tr gU) dh(U)/J exp(—Re TrgU")dR(U"). (2.12)

Here B is a matrix of Lagrange multipliers that allows fixing of (U).

The above results allow the study of the distribution of the variables U4, {U11, U1s},
{U11, Uiz, Uz, Uy} in some particular cases. We start with p(U;;). Consider the
problem in which the average of all U,, is kept zero except that of U;; which, for
convenience, is taken to be real (Gaudin and Mello 1981), with an arbitrary value
between —1 and +1, i.e.

$11=(x11)#0, (y11)=0, (Ur)=...=U,)=0, (2.13)

where we have used the notation of (2.1).
From (2.12) and (2.4) with k = 1, we can immediately write p(U,,) as

p(Un)cexp(—Bx11)(1 = |Un )2 (2.14)

The large-n limit of p(U;;1) of equation (2.14) cannot be obtained by simply
replacing the second factor in equation (2.14) by the Gaussian of equation (2.9), since
(2.14) is now peaked at a value %;; #0 (notice that this naive replacement would
give variances (and hence o,) independent of the centroid %,;); we must therefore
approximate the second factor in (2.14) for values of x1; in the vicinity of ;. Writing

X1 =X +&n (2.15)
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in (2.14), we have

p(Un)xexp(=Bx1)(1-xi1 —yi)" ™

_ 2 2 n-2
_2xnént+én +)’11)"

= CXP(_Bxll)[l - (211)2]"_2(1

1-(%11)°
= + 2 + 2
ocexp[—ﬂx11+(n—2)ln(1—2x“§“ 31 y“)]. (2.16)
1-(%11)
Expanding the In up to second order in £;; and y1;, we have
1+(F0)” & 2n yh
Un) e exp( ~2n—thmy S22 —). 2.17
WS\ =2 P 2 =@ 2 @17
We have cancelled the linear term in &;; with the choice
B =2n%1/[1-(%11)"]. (2.18)

Notice that we are keeping %1 fixed and arbitrary between —1 and +1, and taking
the limit #» » 1. The next term in the expansion of the exponent in (2.16) is or™
and is thus neglected. Within this approximation, in the present case of total absorption
in all channels and arbitrary absorption in channel 1, £ and y,; are thus statistically
independent, they have a Gaussian distribution centred at £,; and 0, respectively,
and variances given by

- 272 - 2
varx11=—21n— -[ll%(g:—l))—zl-, vary11=%. (2.19)
The fluctuation cross section 0-?1 is now
ol =varxy +vary; =[1-&)*7'Pi/n, (2.20)
where we have introduced the transmission factor (Kawai et al 1973)
P.=1-[U)" (2.21)

That both variances in (2.19) depend on %1, is a consequence of the way in which
£11 and y;; appear in the second factor of (2.14) which, in turn, arises from the
normalisation of the first row (unitarity). That var x;; decreases as ¥1; increases can
be seen very clearly in the simple case of the distribution of x;; alone. From (2.4)
we have

po(x11)oc(l —x5)" 7, (2.22)
so that from (2.14)

n-3/2

p(xi1)ocexp(—Bx11)(1—x3;) (2.23)

We saw that if the Gaussian approximation is used for po(x11), p(x11) is a shifted
Gaussian with the same width. However, the exact expression for po(x11) tends to
zero more rapidly than the Gaussian approximation, since it has to vanish at |x,;| =1,
with the net effect of narrowing the distribution resulting from the product (2.23).
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In a similar way, again under conditions (2.13), the distribution of U,; and U;»
is obtained from (2.4) (with k =2) and (2.12) as

p(U11, Urz)xexp(—=Bx11)(1 "iUuiz— \Ulz|2)"_3 (2.24a)
1+(£1)° €4 2n yh 2n x1a y?:)]
~ — 2 L4 4 s R
w1 SXP [2n1—(f11)2 2 1-(f1)* 2 1—(f11)2( 2 2/F (2.245)

which is again Gaussian in the n » 1 limit. Equation (2.17) follows upon integrating
(2.24) over Uy,. The fluctuation cross sections o ; and o, are now given by

ol =[1-(F1)* T PP/, ol =P,Py/n. (2.25)

Recall that P1#1, P,=...=P, =1, equations (2.25) are then in the form of a
Hauser-Feshbach (1952) expression, P,P,/Tr P, with a correction factor in the elastic
case. We notice the interesting fact that the correction factor, which is 1 for total
absorption, is quite close to unity up to, say, ¥1; = 0.5, where it takes the value 1.07.
This is therefore the same property for the so-called elastic enhancement factor W,
which is defined as the ratio of the correction factors for the elastic and inelastic cases.

Finally, we consider the distribution of U,1, Ui,, U,; and U,,. We shall analyse
this in the case when the averages of U;; and U,, are different from zero and real,
while all the others are taken to be zero, i.e.

13=(x11)#0,{y11)=0, Kao=(x22)#0,(y22) =0,
<U33>=-~'=<Unn>=0a <Uab>=01a#b-
From (2.8) and (2.12) we have
Un U12>
ocexp(—Bix11) exp(—Bax
P(U21 Uss p(—B1x11) exp(—B2x22)

x(1- \U1112— |U12|2— ‘U21i2— ‘U2212+ |U11Uaz— U12U21|2)"~4- (2.26)
The large-n limit of this expression is obtained again by expanding the above expression
around the mean values of the variables involved. We make the substitution

X311 =Xx11+€1, X22=1X22+ &2, (2.27)

take the logarithm of (2.26) and keep up to quadratic terms in €11, y11, €22, Y22, X125 Y12,
x21, y21. The linear terms are again cancelled by an appropriate choice of 8 and ..
The result is

Un sz) 1+ (%11)° , n 2 1+(%22)° .5
cexp —|n + +
”(Uzl Uy P (tl—uuﬂ“'“ =@ T I (52

n

n 2
@ 2 -G -

x[x1, +y%2 +x3 +y5 +2fuf22(-‘€12x21—Y12Y21)]), (2.28)

which corresponds again to Gaussian variables, but now U, and U,; are no longer
independent. The bilinear expression can be diagonalised to find the variances, with
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the result for the fluctuation cross sections

a1 PPy A 1 PP,
T 1=zt n 012—1—(;{11222)2 h (2.29)
. 1 PP ] 1 PP, '
g2 = 1—(F11%22)° n 7= 1= (%22)* n

which correspond again to Hauser-Feshbach expressions with correction factors that,
for %,; and %, up to 0.5, do not differ appreciably from unity.

3. The problem of unitary and symmetric matrices §

3.1. The joint marginal probability density for the S matrix elements

We now address ourselves to the real purpose of this paper, which is the study of an
ensemble of unitary and symmetric matrices § of order n, governed by Dyson’s
measure du (S) of (1.2). We write

Sab=Xab +iYab (31)

and define a probability density just as we did in (2.2), replacing U by § and x, y by
X, Y.

Specifically, we have been able to study the joint probability density for the
elements of one row and that for the 2 x 2 block {S11, S12, S21, S22}. This we present
in what follows.

Consider, say, the first row, and designate by po(Si1, ..., S1.) the corresponding
probability density. From unitarity, p, contains the delta function §(1-2;_; 1S14%).
Consider all those transformations of the type (1.1) which do not mix §;4, ..., 81, with
the other §-matrix elements: those transformations should keep po invariant, because
of the defining property (1.2). In contrast to the previous section, this does not happen
now for any transformation (1.1), but only for a restricted class: functions of the
corresponding invariants will now appear in the expression for p;. We shall determine
this class. Equation (1.1) can be written as

Sao =Y, UtaU?3sSag (3.2a)
«B
and, for the first row,
S15=Y, USaU3sSas. (3.2b)
af
If the RHS of (3.254) has to contain S5 only, then
Ule =61 (3.3)
The matrix U° will then have the structure

e 0 ... 0

0
w= [ g |} (3.4)
0
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The transformed matrix elements (3.254) are then
Sii=e""8, S, =€ Yy %23513, b#1. (3.2¢)
g=2

Since %° is unitary (with dimensionality n — 1), functions of Si,, ..., S1, that remain
invariant under (3.2¢) are

1$11> =814/, Y ISul=Y 1S, (3.5)
b=2 b=2

But the last quantity coincides with 1—S;,/?, from unitarity. Our distribution p, can
then be written as

polSiss- - Sun) (5131 3 1S1F). (3.6)
We have no way to specify f further just from invariance properties. However, it
turns out that the probability density for §;; alone can be found independently, and
f can then be calculated therefrom. We now see how this can be done.

Every unitary and symmetric § can be written as

S=UU", (3.7)
where U is unitary. The transformation (1.1) on S,

S=U(vunHuT=wuU'v)" =00" (3.8a)
with

U=U°, (3.8b)

can then be interpreted as the transformation (1.3) on U. We can thus write the
following relation between Dyson’s and Haar’s measures (Mello and Seligman 1980):

du(S(U))=dr(U) (3.9)

Therefore, the distribution of § can be found in terms of that of U. In particular, to
find the probability density po(S;;) we realise that, since

Su= Y (Ul (3.10)

a=1

all we need is the joint probability density for the elements of one row of U, which
was given in equation (2.3). We therefore have

posi [ . | o($1:- % (W7)o(1- 3 [Usal) aUss .. U,

dUab = dxab dy,zb, Uab = Xap T+ iYab- (311)

The details of the calculation are given in appendix 2, where the following result
is found:

Po(S11) (1 =185 "2, (3.12)

This result has a structure similar to the one found for unitary matrices, equation
(2.4) with k =1, except for the value of the exponent.



Marginal distribution of S-matrix elements 245

On the other hand, po(S::1) can be obtained from (3.6) by integrating over
Si2,...,81m 160

po(S1) < f(|S11[%) J 5(1 - 2::1 lSla|2> dSy;...dS..

cf(IS1 (1 - S (3.13)
Comparing (3.12) and (3.13), we find f(|S11]*) as
FUS1yec (1 =|81,H72, (3.14)

so that the joint distribution (3.6) for the first row becomes
PolSis, -, Sun) e (1=181:)" %6 1~ X |sm|2). (3.15)

In contrast to equation (2.3), where all the elements of a given row appear on the
same footing, the factor f(|S;,|°) distinguishes now between the diagonal and off-
diagonal matrix elements.

Several interesting consequences can now be obtained from equation (3.15).
Integrating (3.15) over the variables Sy x+1, ..., 81, we find, for the joint probability
density of the elements Si3, ..., Sik, the expression

n—k—1

k
po(S11, . ,,,Slk)oc(l-—|Su|2)(1—")/2(1‘ Zl iS1a|2> ) n>k. (3.16)

Integrating (3.16) over §11 we find, for the joint probability density of the non-
diagonal elements S1,, ..., Sz
n—k

k
poSiz2, ..., S1k)°¢(1— 22 |51a|2)

— k
szl(n—zl,l;n—k+l;1— Z‘z lsla|2), n>k, 3.17

where ,F; is the usual hypergeometric function. The asymmetry between diagonal
and non-diagonal matrix elements is again apparent from the above results (3.16) and
(3.17).

The probability density of the element §;, can be obtained from (3.17) putting
k=2

po(Slz)oc(l—|512|2)"_22F1((n—1)/2, Lin-1; 1—|512|2), n>2. (3.18)

From the symmetry properties of Dyson’s measure, we can now say that equation
(3.12) gives the probability density of any diagonal §-matrix element and equation
(3.18) that of any non-diagonal element,

The distribution po(S;2) for n =2 can be obtained directly from (3.15) for n =2,
by integrating over S;;, with the result

po(812) < 1/|S 12|, n=2. (3.19)
Use of the relation
Fi(3,1;1,2)=(1-2)71? (3.20)

shows that (3.18) is also valid for n =2,
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From the above results it is easy to find some of the moments of the various
distributions, which turn out to be important for several applications. From (3.16)
with k =2 one can obtain, by direct integration, the crossed moments of the variables
511 and Slz'.

! L ~1)/2
(1511|’|S12|'">0=F(")F(m/2+ (/2 + DT ((n +m —1)/2)

2Lm/2+n-DT(U+n+m+1)/2)

(3.21)

The crossed moments of the variables S, S13 are easily found by integrating |S2|'|S13™
times the joint probability density po(S11, S12, S13) obtained from (3.16) with k =3,
with the result

T2+ 0I(m/2+ DI(n)
Tn+{+m)/2-Dn+l+m—-1)

(S 12]'1S13™ Yo = (3.22)

Equations (3.21) and (3.22) can be seen to agree with the particular cases that were
calculated by Mello and Seligman (1980).

We now generalise the above analysis to find the joint probability density of the
block of four §-matrix elements {1, S12, S21, S22} From (3.7) it is clear that we now
need the joint probability density of two rows of U, which was given in equation (2.5).
The caiculation is sketched in appendix 3, the result being

Su S .
Po( Y 12>°C5(512—521)(1—|Suf2—‘522|2—2,S12|2+lsuszz—(su)ziz)( 72,
S Sz

(3.23)

This equation has a structure similar to that of equation (2.8) for unitary matrices,
except for the value of the exponent and the appearance of the delta function
6(S12—S21). The reason for this similarity is not clear at present; a proper understand-
ing of it would probably simplify the calculation of the §-matrix distributions.

It is clear that po(§;; 2;) should remain invariant under those transformations
(1.1) in which U is of the type

[U11 Uiz
0 ... O

Uz1 U2z

U= 0 , (3.24)
: u°
0

where the matrices

u=(1411 u12) (3.25)

U1 U2z

and %° are, respectively, 2x2 and (n—2)xX(n —2) unitary matrices. In fact, the
absolute value of the determinant $1,5.,— (S 12)2 remains invariant under the transfor-
mation

§ = usu (3.26)

where
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Noticing that we can write
(§11§12§21§22)T=u xu(SIISIZSzlsZZ)T (3.27)

where x indicates the usual direct product, we see that the norm |Sy;|* + S, +[85: > +
|S22f” is also invariant. As a result, the distribution po of equation (3.23) remains
invariant, too.

3.2. Applications

We first analyse the large-n limit of the above results, since in many practical cases
one deals with many open channels.
For n » 1, po(S11) of equation (3.12) gives

po(S1)ec(l- |S11|2)("_3)/2 = exp(— %n |511|2) =exp(— %nX%I ) CXP(—%H Y%l ), (3.28)

showing that in this limit X, and Y;; become independent zero-centred Gaussian

variables, with the same variance 1/n. The fluctuation cross section o711 is thus given
by

ol = (|11~ <511>o|2>o =var X1, +var Y1, =2/n, (3.29)

which differs by a factor 2 from the corresponding expression (2.10) for U.
Similarly, the large-n limit of po(S11, S12), obtained from (3.16) with k =2, is
ISIZ|2 "3 1 2 2

~a)  =~exp(-2n|Suf’) exp(-n|Sia|),

1-|S1|
(3.30)

so that §y; and §, become independent zero-centred Gaussian variables, in agreement
with the results of Agassi et al (1975). The fluctuation cross sections are given by

Po(S11, S12) ¢ (1~ |$11|2)<ﬂ—5>/2(1

0'?1=varSu=2/n, 0'?2=1/n, (331)

exhibiting in a clear fashion the effect of £(|S11]%) (equation (3.16)) in generating the
elastic enhancement factor W =2,

With the same procedure, the n >» 1 limit of (3.23) is (3.30) multiplied by the
Gaussian exp[—(1/2)S2,|°] and the delta function 8(S12— S21).

We now apply the results of § 3.1 to the ensemble of S-matrices that was defined
by Mello (1979) and Mello and Seligman (1980) as the one of maximum entropy,
subject to the constraint (S) = fixed, the basic measure being du (S). The differential
probability associated with that ensemble is given by

)= e_RETrBSd/.L(S)
je—ReTrBS dy.(S')’

dp(S (3.32)
where B is a matrix of Lagrange multipliers that allows the fixing of (§).

The above results allow us to study the distribution of the variables S11, {S11, S12},
{S11, S12, 821, S22} in some particular cases. Consider the problem in which the average

of all §,, is kept zero, except that of S1; which, for convenience, will be taken real,
with an arbitrary value between —1 and 1, i.e.

Xiu=(X1,)#0, (Y1) =0, (S12)=...=(S5,..)=0. (3.33)
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From (3.32), (3.12) and (3.16) (with k = 2), we thus have

p(S11) <cexp(—BX11)(1~{S1:|H" V"2, (3.34)
p(S11, S12) xcexp(—=BX11)(1 - Isulz)(l—")/z(l - lsu\z - ]512]2)"_3~ (3.35)

The large-n limit of these expressions is

1+(Xu)® ¢h nYh
S1) o ex (~n u) fu_ " —) (3.36
P X P\ R T 21— 2 :
1+(X)° & n_Yh  2n syl
S11,812) < ex (— = —— = -————-——:———————), 3.37
p(S1 12)n>>1 p "[1_(X“)2]2 2 Ik 2 Ik 2 ( )
where £, =X1 —X11. The fluctuation cross sections can now be written as
2 PP PP
fi 11 fl 142
= 1 = , 3.38
011 1—|<Su>|4 n 012 n ( )

where P. is the transmission factor (Kawai et al 1973)
Po=1-[(Sc). (3.39)
That &5, Yy, and S, are Gaussians in equation (3.37) agrees with the results of
Agassi et al (1975).
We now consider the distribution of the four matrix elements $:1, S12, S»;1 and
$22. This we shall analyse in the case when the averages of S1; and §,; are different

from zero and real, and arbitrary between —1 and +1, while all the others are taken
to be zero, i.e.

Xiu=(X11)#0, (Yi1)=0, X2 =(X22)#0, (Y22)=0
(3.40)

<SS3>=---=<Snn>=Ox <Sab>=0a a#b
From (3.23) and (3.32) we have

(511 S12
p

Sy 522> acexp(—BX11) exp(—BX22)

x[1- (lsu‘z + 1522‘2 + 2|s1zlz) +(811822 - (512)21]("‘5)/2 8(812—521).
(3.41)

This expression can be approximated in the large-n limit by expanding the logarithm

around the mean values (3.40) (where X;, and Y., are kept fixed, with arbitrary values
between —1 and +1) just as was done in going from (2.26) to (2.28), with the result

Si1 512) (’1 1+ (X11)? 2 N 1 2

Xexp—\s =733 +-—=Y
(su S22 - E T 2o K
n 1+X»n)?* , n 1

-T2 1%

(1 +X11X22):Y%2 +(1 —{?11)?22) Yh
[1- (X111 - (X22)°]

) 8(S12—Sa1), (3.42)
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showing that the real and imaginary parts of S;; and S,; are independent Gaussian
variables. The resulting fluctuation cross sections are

a 2 P1P1 f 1 P1P2
= —— —_—, T = — — ,
g11 1_]511‘4 n 12 1_|Sll‘21522‘2 n (3 43)
q 1 P>P, a 2 PP,
g21 = 022 =

1—|§11|2‘§22|2 n 1—|§22|4 n )

It is interesting to compare (3.43) with the result of Agassi er al (1975), which is
also valid in the large-n limit. The difference between the two results is the extra
factors fu = (1—|S.4/°|Sss]°)”" that appear in the present treatment. We notice, just
as we did in the previous section, that even for S;; and §,; as large as 0.5, this
factor does not differ appreciably from unity (f = 1.07).

Appendix 1. Proof of equation (2.7)

The joint probability density for the first k elements of say, the first and second rows,
can be obtained by integration of equation (2.5) over the 2(n — k) remaining elements.
To begin, we write the two-rows joint probability density as

U, ..., Urs
po( ! 1)=5(1—|R1|2)6(1—|R2|2)6(R1-R2)6(R1-MRZ) (Al.1)
Uayy ooy Uzn
where
Ra=(xa1;Ya1a---’xamyan) (A12)
and
0 -1 0 0
1 0
0 0 -1
M= 1 0 . (A1.3)
0 -1
0 1 o

Now it is convenient to separate the variables that will be integrated from those
that will not. With this purpose we define the vectors

Rla=(xal9 Yai, o+« s Xaks Yak)y RZ=(xa,k+1; YG,k+1’-'-9xan7 y::n)’ (A14)

such that R, =(R,,R’) and MR, =(M'R,,M'R"). M' and M" are defined as in
(A1.3), and have dimensionalities 2k and 2(n — k), respectively. Thus we have

R1, R} ) , ,
pol r ) =L~ IRE[ - IRIPIS(1L— RS~ R3P)

X8Ry *R;+R{-R3)5(R; -M'R, +R! - MR}). (Al.5)
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In order to integrate over R7 and R3 we write vectors in spherical coordinates, i.e.

pol ;) = | 8(al-R15(@3-R$I6(a + RY - RSB+ R - M'RY)

R)
xRy™ 1 dRY d®™Q, Ry ™1 AR M0, (A1.6)
where
al=1-R?, m=n-k,
=R} R, B=Ri-M'R;,
(A1.7)

d®™Q, =sin*""? 6, d@, sin®™ "> a1 dgay . . .
=sin’""2 4, d6, dw,.

In the procedure of integration we start by evaluating the integral
I=J6(a—a r8B-b-rydm™Q, (A1.8)
where a and b are any two fixed vectors and r is an m-dimensional real vector whose

orientation is integrated over. It is convenient to align the vector a with the ‘z axis’,
so that, in spherical coordinates,

a=a(1,0,...,0), b =b(cos 6¢,sin 6y, 0,...,0),
- _2 (A1.9)
r=r(cos 6,sin 8 cos @y,...,Sin @m-2), d"™'Q, =sin™ “6 d6 dw.
We obtain for I the following result:
+3-m 2 2 (m-—4}/2
__8_12___0_0[ _<ﬁ> _(E) _2a8 ]
I= abr? ! ar br) " abr? ° b '
Using this result to integrate over {}; in equation (A1.6) we have
R;> J 2 putis 2 penSi (RS, M'RY)
x 5 _RH 6 __RU
PO(R,2 (ai 19)8(a3 2 RS|M"R2|2R'1'2
y [1 _( P )2_( B )Z_Zaﬁ cos(Rg,M"m)]"“2
RiR3/ \MR3RY RY’R3M'R;
xR IRV ARY ARS AP0, (A1.10)

Here it can be seen that

cos(R3, M'R%) =R5 - M'R}/|R||[M"Rj| = 0 (A1.11)
and the integral takes the form
a’+p”
R{’RY
< (aia3 —a’~BH" 2% (al)d(a?). (A1.12b)

R’ _ B m-~2
po(R,l)WJ6(af—R'{2)5(a§—R52)R’1'2'" SR 3(1~ ) dRdR(A1.12a)
2

#(a®) is the usual step function, which appears as a consequence of unitarity. Finally,
to write the result in a more transparent form, we define the complex vectors

ri=U,...,Uw), ra=Ua, ..., Uxn), (A1.13)
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in terms of which we have
po(ri, 1) (1= [r D3 A =r1 = |r = e + PPl = e P3P 72, (Al.14)

which is equation (2.7) of the text.

Appendix 2. Proof of equation (3.12)

The probability density po(S11) is given by

pols1x [ 881 -3 ws(1- % Usal) dUs ... UL,

(A2.1)
Uab = Xab +iYab; dUab = dxab dYab-
We define the vectors
X1={X11,X12, ..., X1n), Y1=(Y11, Y125+ o5 Y1n)s (A2.2)
and express them in spherical coordinates, to have
po(Si0) = | 8(Ku=xt+yDs(¥is =261 ys(1-xi-y)
xx? 7" dxysin” % 6, d6; dwyy; ! dy; sin™ 2 6, d6, dw; (A2.3)

where §1; = X11+i1Y1; and dw; is a shorthand notation to symbolise the remaining
angular part.

The integration can be carried out directly with the same procedure used in
appendix 1 of fixing one of the vectors along the ‘z axis’, while we integrate over the
other, in such a way that the relative angle (xy, y1) can be identified with the correspond-
ing angle 6. We obtain

polSi)oc (1= X%, — Y3 /2= (1~ |8,

Appendix 3. Proof of equation (3.23)

To obtain the joint probability density for the four S-matrix elements
{S11, 812, S21, S22}, we must carry out the following integration:

oo = (1T W Ja( L Uiz
x 8| 85— ZUchlc) (Szz—g(Uzc)z)a(l“zc:|U1c’2)

X

(
6(1 Y Uzl ) (Z(chx2c+y1cy2c))
(

x§ Z(xlcy2c_x2cy1c)) dUi:...dUz, (A3.1)
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where again Uy, = xqp +1vap. Defining the vectors
Xa = (xals Xa2s e 0oy xan)’
a=1,2, (A3.2)
Y. = (yaly Yaz2s .- yan)’

and expressing them in spherical coordinates, we write the joint probability density as

Po(ili i:z)=I6(Y11_2x1'Y1)5(X12—x1'x2+)'1‘)’2)
X8(Yiz—y1 x2—x1y2)6(Xo1—x1X2+y1°y2)
X8(Yo1—y1 X2—%1°y2)8(Y2—2x2+ y2)8(x1 x2+y1°y2)
X8(xyya—y1 'X2)5(X11—x§+y%)6(X22_x%+y%)

x8(1-x1—yHo(1—x3—ydHx7 7 dx, d™Q,, ... y5 " dy.d™Q,,.
(A3.3)

Now we start by integrating the angular part of y,. For this, we select all those
delta functions whose argument contains a scalar product of y, with the other vectors.
We thus have the integral

IEJ §(X12—x1 x2+y1 ' y2)8(Yio—y1 x2—x1°y2)
X8(X21—%1%2+y1 ¥2)8 (Y1 —y1 x2—x1° ¥2)
X8(Ya22—2x2 y2)8(x1 X2+ y1 y2)8(x1 y2—y1* %2)d™Q,,.  (A3.4)

Let
p="Yy, a=Xp—x1 X2 B=Yi—yix,
v=1Yy, o=Xo1—x1" Xz, T=Y -y X2 (A3.5)
M=y Xs, V=X X

It is evident that the integral I reduces to
I=8(c—-a)d(r—B)8(rv—a)d(n—B)

x j Sla+ys-y2)8(B —x1-y2)8(y —2x2 - y2) d™Q,,, (A3.6)

or equivalently to

I=6(812—-821)8(v—a)é(pn—pB)

x j Sla+y1-y2)8(B —x1y2)8(y —2x1 + y2) Q.. (A3.7)

Clearly, the first delta is a consequence of the §-matrix symmetry. Then, to obtain
the integral I we need the following integral,

Gl=j5<a+a 8B +b r)s(y+c - r)d™a, (A3.8)

where a, b and ¢ are any fixed vectors and r is an m-dimensional real vector whose
angular part is integrated. Fixing a along the ‘z axis’ (1,0...0), the vector & in the
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plane defined by the ‘z axis’ and the vector (0, 1, 0. .. 0) and ¢ with components along
(1,0,0,...),(0,1,0,...)and (0,0, 1,0, .. .), we have
a=a(l,0,...,0), b =b(cos b4, sinfa, 0,...,0),
¢ = c(cos Bq, Sin B, COS @, Sin G, sin ¢, 0, ..., 0),
. (A3.9)
=r(cos §, sin @ sin ¢, sin 6 sin ¢ cos ¢, . . .),
d™Q, =sin""? g sin” > ¢ sin " * ¢ d6 de d¢ dow.

As in appendix 2, dw is the remaining angular part whose integral is a constant.
The integration is direct and gives for G the following result:

[(1-x*)A-yHA =z

Gix .
' abcr’ sin 6. sin G sin @, (A3.10)
with
y=-2 ___Btbrxcos by
ar’ T T sin 6.,
(A3.11)

vy +crx cos G +ery(1 -axz)l/2 $in G, COS G

1-x3"(1 —yz)”zcr sin @, sin @,

If we use this result to evaluate the integral that appears in equation (A3.7), where
we choose

x1=x(1,0,...,0), y1=yi(cos 64, sin 64,0,...,0),
X2 = x,(cos 8, sin 63 cos @3, sin @5 8in ¢, 0, ..., 0), (A3.12)
y2 = y»(cos 8, sin 6 cos ¢, sin # sin @ cos ¢, .. .),

I becomes

8(812—521)8(v —a)8(u —B)

Im . n— on— on— 1676) ’x’x$ ’ A‘
x1y1XzygSIn 4015m 4625m 4(@2 (61, 82, @2, X1, X2, Y1, ¥2) (A3.13)

with

J(B1, ..., y2)=1-cos’ 61 ~cos® §,— cos’ @, +cos’ 6 cos” @, +cos’ §; cos’ ¢,

+cos’ 6, cos’ ¢, —cos” 6, cos® 6, cos® @z — (a/y1y2)*(1—cos’ 6,)
—(B/x1y2)*(1 —cos® 2) — (y/x2y2)*(1 —cos® ;)

+(B/x1y2)*(cos® 6, cos? 6, —cos? 6; cos® @2

—cos® 8, cos® ¢, + cos” 8, cos® 8, cos’ ©2)

- (ZaB/xlylyg)(cos 61 —cos 6; cos> 6, —sin 1 sin 8, cos 82 cos ¢3)

+ (ya/xlxzyg)(cos 6, — cos 6, cos> 61— cos 0, sin 6, sin 61 cos ¢3)
—(uB/y1x2y3) sin 6y sin 6 cos ¢,

+(2a/x1y3) sin 6 cos 6, sin 8, cos 8, cos ¢s. (A3.14)
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Once we have the function I, we need, as an intermediate step towards (A3.3),
to evaluate the integral

I1¢8(S12—S21) j 8(Y11—2x1 y1)8(X12—2x1 x2)8(Y12—¥1 * x2)

X

; :’("0_1;02, n:zz) —— L W LT d(n)nxz (A3.15)
X1Y1X2y2 Sin 6 sin 6, sin ¢2

which gives
L <[8(S12—821)/x1yix3yalH (X1, . ., y2, X115+ o5 Ya22) (A3.16)
with

Y\’ X\’ Yi2 \’ Y2\’ X \°
Y= () () - (50) - (5,2) - (5,5)
Hix 2) 2x1y1 2x1x>2 2x1y2 2y1y» 2y1y2
_( Y22 )2 Y12Y11X12_X12Y12Y11 Y12Y22X12
2X2Y2

4xiyix;  4xiyly:  4xixdy;
_ Y12 Y22X12
4yix3y3

1 2
+< > (Y‘Iz +X‘1‘2+Y§1Y%2
dx1y1x2y2

(n—5)/2
+2X%2Y11Y22_2Y11Y§2Y22+2X%2Y32)] . (A3.17)

Finally, making the integration over the magnitudes, we have, after some algebra, the
followiing result for the four-element joint probability density:

(Su S12
Po

)ocawlz—sn)[l 18112 = 1822 = 21815 + 811822 — (S12)22] 572,
SZI 522

(A3.18)
which is equation (3.23).
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